Abstract-Nonlinear frequency division multiplexing (NFDM) with the modulation of the nonlinear Fourier spectrum (both discrete and/or continuous parts) have been recently considered as a potential transmission method to combat the fiber nonlinearity impairments. However, due to many challenges in design, digital signal processing (DSP), numerical algorithms, and hardware implementation, reported data rates of NFDM systems have been so far limited to 50 Gb/s. In this paper, we experimentally demonstrate a practical approach for increasing the data rate of NFDM transmission systems by increasing the number of modulated nonlinear subcarriers together with the application of a precompensation technique for the channel-induced phase-shift in the nonlinear Fourier domain. As a result, a record-high data rate of 125 Gb/s and spectral efficiency over 2 bits/s/Hz in burst-mode, single-polarization NFDM transmissions were achieved over 976 km of standard single mode fiber with EDFA-only amplification by transmitting and processing 222 32 QAM-modulated nonlinear subcarriers simultaneously.
I. INTRODUCTION
T HE ever increasing traffic demand is rapidly pushing the conventional optical fiber transmission technology to its limitation [1] , [2] due to the Kerr-nonlinear effects. In recent years, suppressing the impact of Kerr nonlinearity has been one of the most active research area in optical communications. Various nonlinearity compensation techniques, including digital back-propagation (DBP) [3] , [4] , optical phase conjugations [5] , [6] , and phase-conjugated twin waves [7] - [9] have been investigated. However, there are still many challenges to overcome in applying these methods in terms of flexibility and especially the implementation complexity. This is mainly because the fiber nonlinearity has always been treated as an undesirable effect to be mitigated or suppressed. In this regard, overcoming the Kerr-nonlinearity limit requires a true paradigm shift and the The authors are with the Nokia Bell Labs, Stuttgart 70435, Germany (e-mail: son.thai_le@nokia-bell-labs.com; vahid.aref@gmail.com; henning.buelow@ nokia-bell-labs.com).
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Digital Object Identifier 10.1109/JLT.2017.2787185 development of novel techniques which take the fiber nonlinear effect into account as an essential system's design element [2] . Recently, a novel approach of designing fiber optical communication systems -the Nonlinear Frequency Division Multiplexing (NFDM) -has been proposed and actively investigated [10] - [19] . NFDM transmission scheme is based on the fact that, without noise and loss, the nonlinear Schrödinger equation (NLSE) governing the propagation of optical field in standard single mode fiber (SMF), is an integrable nonlinear system [20] . As a result, as depicted in Fig. 1 , the signal propagating over the NLSE channel can be uniquely represented in the space of nonlinear spectrum with linear evolution. From this aspect, the parameters of nonlinear spectrum (nonlinear subcarriers, including discrete eigenvalues [21] - [23] and continuous subcarriers [16] - [18] , [25] - [27] , [29] - [31] , or both [32] ) can be effectively used for encoding and transmitting information over the fiber channel without suffering from the deterministic nonlinear crosstalk.
Within the last few years, several important advances have been made in NFDM transmission technology. With the modulation of the discrete part (eigenvalue transmission), data rate up to 24 Gb/s at 6 Gbaud (4 bits/symbol) has been reported [33] , [34] . By modulating the continuous part only, 32 Gb/s transmission with 64 modulated nonlinear subcarriers was demonstrated over 1464 km in [34] - [36] , showing over 1 dB performance advantage over the conventional OFDM transmission. The first NFDM system modulating both discrete and continuous modes at 26.3 Gb/s has been demonstrated in [32] , and later at 55.3 Gb/s in [2] . Dual-polarization NFDM transmissions have been also demonstrated in [37] - [39] . In addition, by employing a high constellation size such as 64 QAM, data rate up to 50 Gb/s has been achieved [40] . Despite the abovementioned rapid progress, the demonstrated data rates of NFDM systems are still quite limited. In order to bring NFDM system to practical implementations, it is mandatory to develop techniques and designing rules for increasing the performances, the data rate and subsequently the spectral efficiency (SE).
Recently, an effective technique for increasing the data rate of NFDM transmissions have been demonstrated in [2] , [41] , [42] by splitting the compensation of channel-induced phase-shift in the nonlinear Fourier domain between the transmitter and receiver. In addition, a practical rule for designing high speed NFDM transmission has been experimentally demonstrated in 0733-8724 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information. [43], opening the door for the development of practically implementable NFDM systems.
In this paper, we extend the work of [43] and discuss in more details the designing rules and performances of precompensated NFDM systems with a large number of modulated nonlinear subcarriers. In particular, using the modulation of the continuous nonlinear spectrum only, a record data rate of 125 Gb/s has been achieved by transmitting 222 32 QAM modulated nonlinear subcarrier simultaneously.
II. PRE-COMPENSATED NFDM TRANSMISSIONS
In NFDM transmissions [2] , data can be encoded onto the parameters of the nonlinear signal spectrum, including the discrete part (eigenvalues {λ m }, m = 1, 2, . . . M, and the associated norming constants or amplitudes q d (λ m ), λ m ∈ C + ) and continuous part (q c (ξ), ξ ∈ R). The nonlinear spectrum can be obtained through the nonlinear Fourier transform (NFT) [11] , [12] , [20] . The detailed description of the nonlinear spectrum and NFT algorithms can be found in [2] , [11] , [12] , [20] . Over the lossless, noiseless optical fiber channel described by the NLSE, the evolution of the nonlinear spectrum can be described as:
where L is the transmission distance and {{λ
} is the nonlinear spectrum of the transmitted signal. Based on this property, in NFDM systems the interplay between dispersion and nonlinearity is usually compensated at the receiver by cancelling the accumulated linear phase-shift in the nonlinear Fourier domain. In this paper, we focus only on the modulation of the continuous part q c (ξ) because of the efficient available inverse NFT algorithm (INFT) [44] , [45] which allows for a large number of nonlinear subcarriers to be modulated simultaneously.
However, the continuous part of the nonlinear signal spectrum is dispersive, which means that signal broadening occurs during propagation. As a result, NFDM systems are designed in the burst mode, i.e., with zero guard intervals between neighboring bursts for preventing the inter-burst interference during propagation (Fig. 2) . In this case, the length of guard interval (GI) between neighboring bursts should be longer than the channel memory. For continuous-part modulated only signal, the channel memory can be estimated in a similar way to the conventional OFDM signal as:
where B is the signal's bandwidth and β 2 is the second order dispersion coefficient. In fact, the required guard interval duration can be effectively reduced by a factor of 2 in the pre-compensated NFDM transmissions [2] , [41] , [42] , as shown in Fig. 3(b) , where half of the transmission-induced phase shift of the nonlinear spectrum is pre-compensated at the transmitter and the other half is postcompensated at the receiver. In this scheme, the initial signal is broadened by half of the channel memory at the transmitter. During propagation, the pre-compensated signal will be firstly compressed, reaching its most compact form at the middle of the link. After that, in the second half of the link, the signal is broadened again and at the receiver the signal duration will be the same as the duration of the pre-compensated signal at the transmitter (Fig. 3(c) ). Therefore, the maximum signal broadening is only half of the channel memory (T c /2).
In this case, the achievable data rate and the corresponding SE of NFDM transmissions can be greatly increased. Based on Eq. (2), the upper bound of the normalized spectral efficiency in symbol/s/Hz of NFDM systems with and without pre-compensation can be approximately estimated as: where T 0 is the duration of the information-bearing signal within one burst (if no pre-compensation is applied, as illustrated in Fig. 2 ). For NFDM transmissions with OFDM modulated spectrum [16] , [18] with the assumption that the signal broadening through the INFT is not significant (in the intermediate power regime), or can be avoided by modulating the b-coefficient instead of the continuous spectrum [48] , the useful burst duration can be estimated in a similar way to OFDM transmissions as:
where N is the number of modulated subcarriers. In this case we have:
It can be seen from this formula that in order to increase the SE for NFDM transmission systems where the bandwidth and distance are fixed the number of subcarriers should be increased.
The estimated normalized SEs of NFDM system at 32 GHz of bandwidth with and without 50% pre-compensation over 500 km and 1500 km is depicted in Fig. 4 as functions of the number of modulated subcarriers. Even for a relatively short distance of 500 km, the achievable normalized SE is only around 0.1 symbols/s/Hz for conventional NFDM system if the number of modulated subcarriers smaller than 10. To increase the normalized SE above 0.6 symbols/s/Hz at least 100 nonlinear subcarriers are needed. For pre-compensated NFDM system the required number of modulated subcarrier can be reduced to 60. However, when the transmission distance increases the number of nonlinear subcarrier should be increased accordingly to maintain the normalized SE due to the longer channel memory. For 1500 km of distance, the required numbers of subcarriers for achieving a normalized SE above 0.6 NFDM system with and without pre-compensation are around 200 and 400, respectively. This is a major challenge of NFDM system with vanishing boundary conditions, where inter-burst interference is not allowed. For NFDM systems with periodic boundary conditions [46] , this is also the case and the general solution is not yet to be found.
As can also be seen in Fig. 4 , if the number of subcarriers is fixed, pre-compensation greatly increases the normalized SE of NFDM transmissions. As a result, in order to design high SE NFDM system it is necessary to: i) increase the number of modulated subcarriers; ii) applying the pre-compensation technique, where 50% of the channel-induced phase shift in the nonlinear spectrum domain is pre-compensated at the Tx.
III. EXPERIMENTAL SETUP
The schematic of the experimental setup for NFDM transmission systems with various number of modulated nonlinear subcarriers is depicted in Fig. 5(a) . The offline DSPs at the Tx and Rx are shown in Fig. 5(b)-(c) . Firstly, at the transmitter, the transmitted signal was designed by multiplexing N overlapping sinc-shape subcarriers in the nonlinear continuous spectrum similarly to the way that the conventional OFDM signal spectrum is synthesized. For each data block (after serial-toparallel conversion) and a predefined launch power value (simulation was used to define the range of the signal's power), the pre-compensated multiplexed nonlinear spectrum for the mth burst was defined as:
where A is the power control parameter, ξ is the nonlinear frequency, and exp(−iξ 2 L) is the pre-compensation of half of the transmission-induced phase shift in the nonlinear spectral domain, which is equivalent to performing 50% Tx-side digital back-propagation. The summation describes the synthesized NFDM nonlinear spectrum in which m is the burst index, c m ,k is the symbol sequence drawn from 32 QAM constellation, T 0 is the initial burst duration before pre-compensation (blue curve, Fig. 2 ), T 1 = T 0 + GI is the total burst duration and GI is the guard interval which satisfies the condition:
It is clear that the considered NFDM system is the nonlinear counterpart of the conventional 50% pre-electrical dispersion compensated (pre-EDC) OFDM system with the linear spectrum defined as F (f ) = q c (πf ). As a result, the generation of such NFDM signals can be effectively implemented using the forward and inverse discrete Fourier transform (DFT/IDFT) and inverse nonlinear Fourier transform (INFT) together with the conventional pre-electronic dispersion compensation (pre-EDC) technique as indicated in Fig. 5(b) . The parameters for the considered NFDM and OFDM systems are the same and summarized in Table I .
Without loss of generality, we vary the number of nonlinear subcarriers from 64 to 222 and the total signal bandwidth from 32 GHz to 60 GHz while keeping the ratio GI/T 0 constant (GI/T 0 = 1, except for the case of N = 64). In each case, the parameters, i.e., T 0 and B, are optimized constraint to the available hardware and the NFT/INFT algorithms [44] , [45] , [47] . As it can be seen in Table I , when the number of nonlinear subcarriers is increased together with the increasing of the signal bandwidth, a NFDM system with a record gross data rate of 150 Gb/s can be designed. In this particular case, the initial burst duration before pre-compensation and the guard interval duration are both 3.7 ns. We also would like to stress that the choice of systems' parameters in Table I was made mainly for the purpose of demonstrating the possibility of increase the data rate of NFDM systems without focusing too much on the SE. Further optimization of these parameters to increase the SE of NFDM systems is possible and will be addressed in future publications.
After pre-compensation, burst-mode NFDM and OFDM time-domain signals were generated using either the INFT (for NFDM transmission) or the conventional IDFT (for OFDM transmission). To pre-compensate for both linear and nonlinear responses of the transmitter, including drivers, DAC (88 GS/s with ∼16 GHz of bandwidth and ∼5.5 bits of effective resolution) and optical I/Q modulator (LiNO 3 Mach-Zehnder modulator with ∼40 GHz of bandwidth), an iterative adaptation routine was applied in the B2B configuration as described in [35] , [36] . This Tx adaptation routine allowed highly precise optical waveforms to be generated which is critical for minimizing the implementation penalty in NFDM transmissions. The re-circulating loop consists of 3 × 81.3 km spans of SSMF and EDFA-only amplification. The EDFA has a noise figure of around 5 dB. Both the transmitter laser and local oscillator were fiber lasers with a low linewidth of ∼1 kHz. At the receiver, after coherent detection, digital sampling at 80 GS/s, timing synchronization and frequency offset compensation; the received signal was separated into bursts for further processing. Next, for OFDM and NFDM systems, DFT and NFT were performed to recover the linear and nonlinear spectrum. After that, a phase-shift operation was performed to remove the impact of dispersion in OFDM systems or the interplay of dispersion and nonlinearity in NFDM systems. Finally, channel equalization, phase noise estimation and symbol detection were carried out according to [35] , [36] .
The system performance was then analyzed by the pre-FEC BER (also expressed as Q-factor) as well as the post-FEC BER estimated by processing ∼ 10 6 bits, and also by the Q-factor derived directly from the pre-FEC BER for convenience of some discussions.
IV. EXPERIMENTAL RESULTS AND DISCUSSIONS
The back-to-back performances of the considered OFDM and NFDM systems at the full OSNR are compared in Fig. 6 . At a low bandwidth and accordingly a low value of N, OFDM and NFDM systems show comparable performance (Q ∼ 10.8 dB), indicating that the implementation penalties for these two systems are similar. However, as the number of modulated subcarriers (and the signal bandwidth) is increased the discrepancy in performances of the two systems is also enhanced. In particular, at 60 GHz of bandwidth (N = 222), the Q-factors of OFDM and NFDM systems are 9 dB and 7.8 dB, respectively. In other words, the implementation penalty of NFDM transmission is significantly higher than OFDM transmission, especially at high bandwidth. This phenomenon is attributed to the sub-optimal designs of NFDM systems and also the signal broadening issue due to the INFT algorithms. In NFDM systems, the decaying tails broadening over the burst duration has to be truncated which leads to the performance penalty due to the imperfect signal condition. This clearly shows the challenge of implementing NFDM system at high baudrate. Recently, it has been shown in [48] that the issue of signal broadening can be solved by modulating one scattering coefficient (b-coefficient) instead of the continuous part of the nonlinear spectrum q c (ξ).
After back-to-back optimization, for each of the considered NFDM transmissions, the launch power was optimized to define the best transmission performance. The transmission performance comparison of 100 Gb/s pre-compensated NFDM (red boxes) transmission with its linear OFDM (blue circles) counterpart over 976 km is depicted in Fig. 7 . The two insets of Fig. 7 show the linear spectrum of NFDM and OFDM signals, confirming that in term of spectrum occupancy, the two systems are the same. In term of achievable transmission performance, it can be noted that the 100 Gb/s NFDM system offers around 1 dB performance advantage over the conventional OFDM system. In addition, the optimum launch power of NFDM system is also ∼1.5 dB higher than those of OFMD system (−4.5 dB vs −6 dB). These results clearly indicate the effectiveness of the nonlinear compensation scheme in the nonlinear spectral domain of NFDM systems, despite the high implementation penalty.
Next, the pre-FEC BERs of the considered NFDM and OFDM systems (for the gross data rates from 50 Gbs to 150 Gbs) at the optimum launch power values are compared in Fig. 8(a) . Remarkably, Fig. 8(a) shows that NFDM transmission outperforms OFDM transmission for all considered cases, showing that the performance benefit which has been observed for lower data rate [35] , [36] , is maintained when the gross data rate is increased to 150 Gb/s (with 222 subcarriers). The estimated SNRs among subcarriers for NFDM systems under test at a distance of 976 km is shown in Fig. 9 .
We also applied soft-decision FECs to reliably recover the transmitted bits. We used spatially coupled LDPC codes (SC-LDPC) with an efficient windowed decoder [49] . FEC decoding was emulated by offline processing, without the necessity of actually implementing the FEC encoder while preparing waveforms at the Tx side for measurement. For all considered NFDM systems, error-free transmission (with ∼ 10 6 bits processed per measurement) over 976 km was achieved after SD-FEC decoder with 20% overhead. This result indicates that a record-high net data rate of 125 Gb/s has been achieved with 222 32 QAMmodulated nonlinear subcarriers.
We also noted that higher BER (worse performance and lower SE) was observed with the increasing of the modulated nonlinear subcarriers number. This is attributed to several reasons, including: i) -significant increase of implementation penalty at high bandwidth signal (Fig. 6 ) due to the bandwidth limitation of the transceivers and the imperfect NFDM signal conditions as discussed previously; ii) -increasing of cross-talk among nonlinear modes due to the noise and imperfect link conditions [42] , [50] .
Finally, for each of considered NFDM systems, we also optimized the code among a class of check-regular SC-LDPC codes to maximize the achievable rates with the target post-FEC BER smaller than 10 −6 . As shown in Fig. 8(b) , we were able to decode reliably up to the net rates very close to the generalized mutual information (GMI (bits/symbol)) estimations. The achieved SEs are shown in the Table I, indicating that a record-high SE of 2.3 bits/s/Hz was also achieved. In term of total data rate, Fig. 8(b) exhibits that increasing the number of nonlinear subcarriers is an effective way to increase the data rate of NFDM transmissions.
V. CONCLUSION
We have discussed clearly two important rules of designing high data rate NFDM transmission systems where the information is encoded onto the continuous part of the nonlinear spectrum, namely: i) splitting the compensation of channelinduced phase shift the Tx and Rx by half and ii) increasing the number of modulated subcarrier. By employing these rules and increasing the number of modulated nonlinear subcarriers up to 222 together with variable overhead SC-LDPC codes, we have achieved record-high net data rate of 125 Gb/s and SE of 2.3 bits/s/Hz in NFDM transmissions over 976 km of SSMF. These results open the door for the development of practical NFDM transmissions.
